é J_( _3m_ A = with the same boundary values as w approximates the displacement throughout the plate in the L2 sense. Herein, the rate (.) // \w(x) -u(x)\2 dx G Ch2jj \f(x)\2 dx a a is given, where C is a constant independent of h and /, and ß in the face of the plate. This extends the results of A. Friedman [6] and F. John [10] up to the boundary and improves the rate of convergence in (*) given by J. L.
Lions [12] and W. M. Greenlee [7] from h to h2.
The equation describing the normal displacement w(xu x2) of a thin elastic plate of thickness « in equilibrium is [11] (I) Ehl : A2» -2 4-LP-)-f- 12 (1 -a2) ,jZ, 3*, \ ° tejj
Here as usual, F denotes Young's modulus, a Poisson's ratio, <y" are the components of the stress in the plate and / is the external force per unit area. Since the effect of the forces or constraints acting on the edge of the plate can be achieved by replacing w by w -$ we may assume that the plate does not undergo any deformation at the edge; thus the displacement is caused solely by forces acting on the faces of the plate. The corresponding displacement of a membrane is governed by the second order equation [11] (") -J.^Ml)-/-As mentioned in [10] , replacing (I) by (II) can in general only be justified when the plate is under tension, i.e. when the a« form the coefficients of a positive definite quadratic form. The special case / = 0 and w and its derivative is given on the edge of the plate was considered by F. John [10] . For general constant tension a¡j he obtains the interior estimate
where u(y) is a solution of (II) determined by the boundary values of w and its derivatives up to order 3 on the edge of the plate. Here r denotes the distance from y to the edge. Thus u is also a function of h. In this paper we show that if the displacement and its normal derivatives on the edge of the plate are bounded uniformly with respect to h then the membrane solution with the same boundary values as w approximates the displacement throughout the plate in the L2 sense. Herein, the rate
n n is given, where C is a constant independent of h and/, and Ü is the face of the plate.
Similar estimates were derived by J. L. Lions [12] where the H '(Í2) norm of w -u is shown to be 0(/i1/,2||/||L2(S2)). A. Friedman [6] derived (0.2) in the interior of Í2; W. Greenlee [7] obtained results similar to [12] , C. Bardos and D. and H. Brezis [2] prove the strong convergence in L2(S2) of w to u; they do not obtain, however, estimates similar to (0.2). M. I. Vishik and L. A. Liusternik [14] expand w asymptotically in h under some differentiability assumptions on /, but they do not estimate the rate of convergence of w to u.
The author wishes to express his gratitude to the referee for his valuable comments.
1. Preliminary results and estimates in a half plane. Let £2 be a bounded domain in R2 with boundary 9Q in the class C°°. We denote by n the outward normal to 9S2. We may assume that an = 1 and use e = Eh2/12(1 -a2). Set for all s > 0.
Proof. Inequality (1.4) is easily obtained using integration by parts (cf. D. Huet [9] or A. Friedman [6] ). To obtain (1.5) we multiply equation (1.1) by <¡>2Mw and integrate by parts. Using (1.4) we obtain ||*MW||LI(0) < C\\f\\LHay It follows from [13] , [1] , or [3] and (1.4) that IIHI»'<n) < CMUo)-Now we multiply (1.1) by <> and obtain 4<t>AM\mv < c(\\<t>Mw\\Lm+\\lHQ)> Using [13] , [1] , [3] again we get (1.5).
Corollary.
Under the assumptions of Lemma 1.1
(1-6) eiMUo) < qi^W) and (1-7) e1/2ii<H//3(s» < q/iUar
Proof. Using (1.4), (1.1) and the uniform ellipticity of A2 we see [5] that
MHHm<Ce'l/2\\A\LHm and H//««»< Ce"3/2ll/lUw Hence using interpolation [12] we get (1.6). Similar arguments lead to (1.7). Let F2 be the half plane {(x" x2) G F2|x, e F ', x2 > 0}. Then there exist positive constants e0 and C such that
(1-10) IK-"fiLW)< Ce'/2H^Wi) for all 0 < e < e0, C « independent of e and f but depends on K.
Proof. Assume/ G C0°°(/\2 ). Using the Fourier transform in xx we obtain for w and h the ordinary differential equations (1.14)
where 8 = e£2. We consider the three cases: (i) 8 < 8X, (ii) 8 > 82 and (iii) 8X < Ô < 82, where ó\ is a sufficiently small positive number and ô2 is a sufficiently large number independent of e and £,. In case (i) we set /• = j"1 so that (1. II" -«\\m<t> < &1/2PUq) + clh -"lUa-t/y vv/iere C ara/ t/ are independent of e and f.
Proof. For any point x0 G3B we can find a neighborhood U0 of x0 in B and a smooth mapping of U0 into Br = {x E R2\ |jc,| < r, 0 < x2 < r2} so that U0 n 3B is mapped onto Br n {-x2 = 0} and such that x0 is mapped into the origin. Then using an affine transformation of the coordinates we can write L and M in Br as follows. etc. The first expression can be estimated by Ce1/2||/||L2(i2) using Lemma 1.2 and (1.5). To estimate the second expression we note that the function \¡/ can be chosen so that it is independent of x2 in 0 < x2 < r2/A, and |3i/'/3jc1| < C/r, ISfy/Sx2! < C/r2. Using integration by parts and the fact that G vanishes on the boundary x2 = 0 we obtain the estimate lw -u\\mu¿) < C£'/2||./W) + Cr\\w -u\\lHu0)
where C is independent of e and r. The neighborhood U¿ of x0 is the inverse image of Br/2. The boundary 3ß can be covered by a finite number of neighborhoods {UJ} so that the number of intersecting neighborhoods {£/,} at each point is less than 4 (cf. [15] ). Setting U = Uy ÜJ and using a partition of unity we obtain llw -u\\mu) < C>r\\w -u\\lHu) + C2ÜW -U\\lHü-U)
where C, is independent of r; hence (2.1) follows. The main result of this paper is Theorem 2.1. Let ß be a bounded domain in R2 with smooth boundary 3 ß fl«^ let w and u be the solutions of (1.2), (1.2') fl«fl" (1.3), (1.3') respectively. Then there exists a constant C such that for all e > 0 fl«fl"/ G L2(ß), <2-6) II" -u\\LHQ) < Ce^iü^. where C is a constant independent of e and /, but C depends on dist(B0, 3 B).
Combining (2.1) and (2.7), inequality (2.6) follows. Remark. The estimate (2.6) is sharp and can be verified in the case of a clamped, uniform circular plate. It is probably not sharp in case boundary conditions (2.8), (2.9) or (2.10) replace (1.2'). The method of the present paper can be used to obtain sharper results for the various boundary value problems.
